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?5 ■ Abstract 



We construct propagators in Euclidean AdSd+i space-time for massive p-forms and massive 
symmetric tensors. 



1 Introduction 

Calculations of correlation functions in Type IIB supergravity on AdS^ x have been performed 
^ I extensively. These calculations study the strong coupling dynamics of A/" = 4 SU{N) Yang- 
5^ ! Mills theory for large as a result of the AdS/CFT correspondence conjectured in [jl], 0, |^. 

For calculations of 4-point functions, bulk to bulk Green's functions, describing propagation 
between two points in the interior of AdS, are required. Propagators for scalar fields have been 
discussed in [Q], and propagators for massless and massive gauge bosons were obtained in [|5|]. 
In [p, a new method for calculation of these propagators was discussed in which ansatze for 
the bi-tensor propagators were used which naturally separated the gauge invariant parts from the 
gauge artifacts. The gauge artifacts did not contribute if sources of the fields were conserved 
currents. Thus gauge fixing was unnecessary. 

In this paper, we use the same method as in [§] but now for massive p-forms and the massive 
symmetric tensor fields. Since the fields are massive, there is no gauge invariance which guar- 
antees that the sources are conserved. However, as we will see, using a similar ansatze for the 



1 



p-forms (writing the propagator as a physical part and a pure gauge) in the massive case consid- 
erably simplifies the calculations. The pure gauge part is annihilated by the Maxwell operator 
and just appears multiplying m? in the equation of motion. For the massive symmetric tensor, 
the pure gauge part of the ansatz corresponds to diffeomorphisms at z (where the propagator 
describes propagation from z to w). However, for our propagator to have symmetry under the 
exchange z ^ w,we need to add a term which corresponds to diffeomorphisms with at w. This 
term will not be annihilated by the "wave operator". However, writing the propagator in this 
form still simplifies the calculation considerably. 

The paper is organized as follows. In section 2 we discuss the massless 2-form case as a 
warm-up exercise (this case was discussed in [|Sp). We also find the propagators for the massive 
anti-symmetric tensor. We generalize the calculation of section 2 to p-forms in section 3. In 
section 4, we perform the calculation for the propagator of the massive symmetric tensor. In 
section 5, we check the short-distance limit of our results and find that they match with the short 
distance limit of the corresponding propagator in flat space. We end with a summary of our 
results in section 6. 

We will work in Euclidean AdSd+i, which can be regarded as an upper half space > in 
a space with coordinates zo,zi . . . Zd, and metric, 

1 

ds^ = —{dzl + Y,dz-). (1.1) 

^0 i=l 

The AdSd+i scale has been set to unity and the metric describes a space with a constant negative 
curvature R = —d{d + 1). We will introduce a chordal distance u in terms of which invariant 
functions and tensors on AdSd+i can be expressed most simply: 

(z — wY 

u^^— (1.2) 

2zqWo 

where {z — wY = 5^^{z — w)^{z — w),^ is the "flat Euclidean distance". We will construct basic 
bi-tensors by taking derivatives with respect ^ or w of the bi-scalar variable u. These are given 
byQ ^ ^ ^ 

d^du'U = [6f,u' H {z - w)f,6y'o H {w - z)u'S^o - uS^oS^^o], (1-3) 

ZqWq Wo Zq 



and dfj_udyiu with 



d^u = —[{z-w)f,/wo-uS^o], (1.4) 
Zq 

dy'U = — \{w - z)i,'/zo - u6^'o] . 

Wo 



^f) — r) 



2 



We will need certain properties of derivatives of u, most of which were derived in and which 
we list here. 



nu = D^'d^u = {d + l){l + u), (1.5) 

D^'ud^u = u{2 + u), (1.6) 

D^duU = g^^uil + u), (1.7) 

{D^u) {D^d,d,,u) = d,ud,m, (1.8) 

{D^'u) {d^d,,u) = (1 + u)d,,u, (1.9) 

{D^d^tu) {d^,dytu) = g^>yi + d^md^m, (1.10) 

D^dyd^m = g^^d^m. (l-H) 



2 Antisymmetric Tensor 

The equation of motion for an anti-symmetric tensor field in AdSd+i is 

- w?A^^ = J^„. (2.1) 

The covariant derivative is with respect to the AdS metric. The Maxwell operator is normalized 
such that OA^^ appears with coefficient 1 in the equation of motion. We look for solutions of 
the form 

V = / d^^'w^G,/'''{z,w)J,>,iw), (2.2) 

with bi-tensor propagator G^i^^'^^z, w). Using this expression for A^j, in Eq(P?T|), we obtain an 
equation for the propagator G^y^'"' {z, w)^. 

]^D^^dyuG./''\z,w) - n?G,/''\z,w) = -5{z,w)ig/ g^'^' - g/ g/). (2.3) 

m = 

We will first look at the case m = 0. In this case, there is a gauge invariance of the form 
A^y A^y + d^ls.y — dyAf^ which implies that the current J^" is conserved. The equation for 

G,,/'^'(2,t/7) is: 

^D^d[,Gy^]''''^'{z, w) = -6{z, w){g/g^^' - g/g/) + a^'A.«"' - d^' K/ , (2.4) 



^[...] denotes anti-symmetrization with strength 1 
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where the second term on the right hand side gives zero when integrated with conserved currents. 
We will introduce two bi-tensors, 



V'"' = {d^d^'ud,d'''u-d^d'''ud,d>''u), (2.5) 
S^u-n'u' = {d^d^' udyud"' u - d^^d"' ud^^ud^' u - d^d^' udf^ud"' u + d^d"' ud^ud'^' u) .(2.6) 

These are the only two bi-tensors which are anti-symmetric under fi ^ u and /x' ^ v' . We will 
choose the following ansatz for G^^^' {z, w): 

G^/'^'iz, w) = T,/^'F{u) + d,L/^' - d^L/"'. 

The second term is a pure gauge and is annihilated by the Maxwell operator: 

= {diud'^' udad"' ud^]U — d^yd""' udad"' ud^]^u)F' {u) . 
In Eq(|2.4D, we need an expression for D'^d[^Guaf'"' '■ 

= {d'''u)d^d'''ud^]uF'{u) + d[,d'''u{D''d^d'''u)d^]uF\u) 

+diyd'''ud^d"'u{D^'d^]u)F'{u) + diyd'''udad"'udf,]uD^'uF"{u) 
-u' ^ a'. (2.7) 

Various terms in Eq(p.7[) are simplified using properties of derivatives of u (Eqs [r3| - |l.llD : 

{D^'d[,d'''u)d^d'''ud^]uF'{u) = {d'''ud,d'''ud^u-d'''ud^d'''ud,u){d-l)F'{u), 

d^.d"' uiD^'d^d'^' u)d^-^uF'{u) = -{d^'ud^d^'ud^u - d'''ud,ud^d'''u){d - l)F\u), 
di^d'''udad'''u{D^'df,]u)F'{u) = T^/''\d - 1)(1 + m)F'(m), 
di.d''' udad''' u^^^^uD^'uF"{u) = u{2 + u)n/'''F" - (1 + m)^„,"''^'F"(m). 
Collecting all the terms together, 



/^^^[^G'h''" = 2[u{2 + u)F" + {d-l){l + u)F'}T, 

-2({d - l)F' + (1 + u)F")S^/'''. (2.8) 



Using AdS invariance and the fact that h.ua;a' is anti- symmetric in v and a, ky^^' has to be of 
the form: 

Ka' = (d^'dyudau - d'''daudyu)A{u), (2.9) 



where A is a scalar function of u. Then, 

S'^'A.^"' - d'^'A,/ = -2AT,,^'°' + A'S'^,"''^' 

Using these expressions, Eq(|2.4j) becomes (for z and w separate) 

[u{2 + u)F" + (rf - 1)(1 + u)F' + 2AjT,, 
-[{d - 1)F' + (1 + u)F" - A') 5,,"''^' = 0. 

Setting the scalar coefficients of the two independent tensors to zero, we obtain 

u{2 + u)F" + {d-l){l + u)F' = -2A, (2.10) 
{l+u)F" + {d-l)F' = A'. (2.11) 

Eq ( |2.1 ID can be integrated to give0 

A = {d-2)F + {l + u)F\ (2.12) 



which can be substituted into ( |2.10| ): 



u{2 + u)F" + (d + 1)(1 + u)F' + 2{d - 2)F = 0. (2.13) 
This is just the invariant equation 

(□-^2)F(m)=0 (2.14) 

for the propagator of a scalar field of /x^ = —2{d — 2). A scalar field of mass is characterized 
by two possible scale dimensions, 

A± = ^±^V'^2 + 4^2. (2.15) 

For our propagator to have the fastest fall off as m oo, in the following solution, we will 
choose A = A+. 

F{u) = C'A(2M-^)^F(A,A-^ + ^;2A-d+l;-2M-i), (2.16) 



r(A)r(A-f + i) 

(47r)(^+i)/2r(2A-d + l^ 



(2.17) 



where F is the standard hypergeometric function 2F1. The constant Ca is chosen such that as 
M — * 0, F{u) matches on to the flat space case (this is discussed in more detail in section 6). 

■^We consistently ignore constants of integration since we want our propagators to go to zero as w ^ 00. 



m 7^ 

We will now consider the massive case. In this case, there is no gauge invariance and the current 
J^*^ is not necessarily conserved. We will still use the same ansatz, 

= F{u)T,/^' + {d.L/'^' - d^L/^'). (2.18) 

Using AdS invariance, we can write Lay a' as 

La"'"' = {dad''' ud"' u - dad'''ud'''u)L{u), (2.19) 



where L{u) is a scalar function. D^^d[^Gya]ya' is still given by Eq(P^ since the Maxwell 
operator annihilates the second term in Eq( [2.18p . This term is 



dyLa'^ " — daLJ^ °^ — ILTav' ^ -\- L Sav' " ■ (2.20) 

Eq(^3|) then becomes (for z and w separate) 



u{2 + u)F" + (rf - 1)(1 + u)F')T,aya' - [{d - 1)^' + (1 + u)F")Sav,a'u' 

—Vr? FTya-y a' — i^LTav^a' v' + L' Sau;a'v') = 0. 

Setting the coefficient of independent tensors to zero, we get a system of two coupled differential 
equations: 

u{2 + u)F" + (rf - 1)(1 + u)F' - m^F - 2m^L = 0, (2.21) 

- (rf - 1)F' - (1 + u)F" - m^L' = 0. (2.22) 
Eq( |2.22| ) can be readily integrated to give 



L = -^{{d-2)F + {l + u)F'). (2.23) 



Substituting in Eq( |2.21| ), we find an uncoupled differential equation for F{u) 

u{2 + u)F" + (rf + 1)(1 + u)F' + (-m^ + 2{d - 2))F = 0. (2.24) 
This is again the invariant equation 

(□ - Ai^)F(M) = (2.25) 
for the propagator of a scalar field of /i^ = (m^ — 2{d — 2)). 



3 p-forms 



The preceding calculation of the propagator of an anti-symmetric tensor can be generalized to 
p-form propagators. The equations of motion for a p-form field is 

^D^d^^A^,^,,,,^^] - vr?A^,^,,„^^ = 0. (3.1) 

We will assume a solution of the form 

with bi-tensor propagator G^i//2 -mp'^^''^^'"''''''(^' '"^)- The propagator satisfies the equation: 



^' (3.2) 
There are two independent tensors which have the right anti-symmetry property under exchange 
of various indices. These are 

T,,^,...,/'' = d[^,d^''ud^,d^^'u...d,^]d'^^'u, (3.3) 

Generalizing the ansatz of the last section for Gn^^n^.^np^^'^^'"'^^' {z, w), we try a solution of the 
form 



where 



Then, 



and 



^ 111 H2 ...Hp _ T^(„.\rp Hi M2 -Hp if), T H2 -Hp /"^ '^^ 

^HllJ-2.-.Hp ~ \"'J-^ Hll^2—Hp ' '-'[Hi-^I^2---Hp\ ' W'-'J 

L,,...,/''^''-^^' = {d^'^^'ud^.d^-'u . . . d,^d^-\)L{u). (3.6) 
A r mi'm2'---Mp' — „r,7^ hi' tJ-^' ...Hp' \ jf q hi' 1^-2' ■■■Hp' 

^[/il-^//2---Mp] ~ P-^-^ HilJ-2:.Hp ^ '-'hiIJ'2...Hp ' W-'J 



a Q Hi' IJ'2' ...Hp ^ p' fi ..rp Hi'fi2'-Hp' (-2 Q\ 

'-'[a'-^ HI 1^2. -Hp] ^ '-'[a"'-'- HitJ'2—Hp] " 



Notice that the second term in G^-^n2...Hp'^^'^^'"'^^' (of the form dL does not contribute). Acting 
with D"', we get 
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Various terms appearing on the r.h.s of the above equation can be simplified by using Eq(|1.5[- 

D^ud^^uT,,,,,,,,/-'^-'-^^' = p\{u{2 + u)T,,,,,„,/-'^'^'-^^' - (1 + u)S,,,,,..,/^'^^'-^^'), 



So ( p.2[ ) becomes (for z and w separate), 



—D°d,G ,Mi'M2'.../ip' _ ^^/y _ 

(m(2 + u)F" + {d+l- p)F' - m^F - pm^L)T^,^,,„^/''^^'-^^' 
-{il + u)F"+{d+l-p)F')~ m'L') S^,,,...,/''^^' = 0, 

which implies 

u{2 + u)F" + {d+l- p)F' - m^F - pm^L = 0, (3.9) 

(1 + u)F" + {d+l- p)F' + m^L' = 0. (3.10) 
Eq( |3.1(J| ) can be integrated to give 

L = -^({d - p)F + (1 + u)F') , (3.11) 
which can then be substituted in Eq(]J!9|): 

m(2 + u)F" + {d + 1)F' + (-m^ + p{d -p))F = 0. (3.12) 



This is the equation for the propagator of the scalar field of fi^ = m? — p{d — p). The solution 
to this equation is given by Eq( |2.16D with 



A = ^ + ^ \I(P + Am? - Ap{d - p). 
This result agrees with for the case m = 0. 

4 Massive Symmetric Tensor 

We will begin by reviewing the equations of motion for the massless graviton. The propagator 
for the graviton was obtained in . The gravitational action is 

h = ihl d'^^'^VaiR - A) + Sm, (4.1) 



where Sm is the matter action. The equations of motion are 

Rf.u - lg^.u{R - A) = T^,. (4.2) 

T^,y is the stress-energy tensor. For A = —d{d — 1) and T^j, = 0, we obtain Euclidean AdS 
space with R = —d{d + 1). In the presence of a matter source, the metric will no longer be the 
AdS metric g^j,^. We will denote the fluctuations about ^f^,^ by /i^^,. An equivalent form of the 
equation is 

The linearized equations of motion for hi^,„ are 

- D'^D^h^, - D^D.K^ + D^D'^K, + D.D'^h^^ - 2{h^, - g^.hf) = 2%,. (4.4) 

All covariant derivatives and contractions are with respect to g^^. 

For the case of massive symmetric tensor, S^^j, a consistent action with coupling to gravity 
is not known. For example, consider a Kaluza-Klein reduction of a theory of gravity in D 
dimensional space-time to D — 1 dimensional space time. We get an infinite tower of massive 
symmetric tensor fields in D — 1 dimensions. It was shown in [[TOp that it is impossible to 
consistently truncate this theory to a finite number of symmetric tensor fields. However, the 
quadratic part of the action (which is what we need for calculation of the propagator) was given 
in[[ni] 0. 

I = j d^+^^i^^D^SD^^S - -^D^S^^D^S^^ - ^D'^S.^D'^S + ^^D^S^^D'^S^^ 



where S = g^vS^^ . From this action, we can derive the following equation of motion: 



1 d — 1 



This can be converted to the following equivalent form 

-D''D^S^,-D^D,S^''+D^D''S^,+D,D''S^^-2{S^,-g^,S^'')+miS^,+mlg^,S^ = 2J,,^^ 

(4.5) 

where ml = ^ = ^ and = J^y — -^Ja" ■ We work with arbitrary nii and m2 and only 

2 

use the relation = ^ towards the end of the calculation. 
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We look for solutions of the form 



(4.6) 



where G^u;fi'u'{z, w)is the bi-tensor propagator for the massive symmetric tensor. Inserting this 
expression in Eq(^3J), we obtain the equation 

— D'^D^G^jy.fj^'iy' — D ^1 + D^D^'Gfjy.^iyi (4.7) 

2 

= (fl-MAfW + gi^v'gvii' - ■j^9tiugf^'u')s{z, w). 

The next step is to write G ^y-^iy'{z,w) in terms of invariant bi-tensors in AdSd+i and scalar 
functions. We will use the following five bi-tensors defined in 



T, 



(1) 



7^(3) 



T. 



(4) 



T. 



(5) 



g^iu g^i'f'y 

d^u duU d^/u di^iu, 

g,iu d^'U dy'U + g^,'y' d^u d^u, 

d^df^i'U duudyiu + dyd^iu d^udyiu + (/i' ^ z/'). 



(4.8) 



Our ansatz for the propagator G^^ifi'u'iz, w) is 



{d^d^m dudy'U + d^d^m dudf^/u) G{u) + g^i^g^'u' H{u) 



where 



Au■^J.'u' = gu'v'dyuAiu) + dfj,>udy>udyuG{u) + {d^iduud^'U + du'd,yud^'u)B{u) (4.9) 
^^lu■y = gf,udu'uA{u) + d^^udyud^mGiu) + {d^d^^mdyU + d^d^:ud^u)B{u), (4.10) 



and 



Z^^L,;^,,, + D^L^.^,,, = 2(1 + m)AT(^) + g^,,,d^ud,u2A' + 2C"T(2) + 2BT^^^ + CT^^) 

+ (7^.9^m9,m(2(l + M)C + 45) + 5'T(^), (4.11) 

D^,A^,.y + D,,A^,y = 2(1 + u)AT^'^ + g^,d^,ud,m2A' + 2C"T(2) + 25T(=^) + CT^^^ 

+ v-"9/.w5-m(2(1 + m)C + 4B) +5'T(5). (4.12) 
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This ansatz is invariant under exchange z 
note that 



w (exchange of primed and unprimed indices). We 



D^^L^.yy^ + D^L^.y^, + [-2A + 2(1 + u)C + AB)g^,^,d^ud^u 
+ 2(1 + u)C + AB)g^,^d^,iud^m. 



The term D^^Ly^yi + D^L^.^yi just corresponds to diffeomorphisms in z and is annihilated by 
the "wave operator". Unlike the massless graviton case, all five functions G(u), H{u), A{u), 
B{u) and C{u) are physical. We now find the differential equations for these five functions. 
Using this ansatz in ( |477| ) and using relations in Eq( |T3| - [mi ), it is simple, but tedious to derive 
the following equation: 



- D^D^G 

- 2(G, 



(4.13) 



g^ivGa'^ -^'p') + nilG^^.y^' + rn\g ^^G -y , 



-u{2 + u)H" - 2rf(l + u)H' + 2dH + 4G - 2(1 + u)G' + 4(1 + u)mlA 

+ mlH + m^(c/ + l)H + 4m^(rf + 1)(1 + u)A + 2m^M(2 + m)A' + SmlB 

+ 2m2G + 2m2M(2 + m)(1 + m)C + 4m2M(2 + u)B 

+ ((d + l)u^ + (2rf + 2)m + d){-AA' + 4(1 + u)G + 85) 

+ m(2 + m)(1 + m)(-2A" + 2(1 + u)G' + 2C + 45') + 4(1 + u)C + 8B- AA'' 

+ T(2) [-2G" + AmlG' - {d - 1)(-2(1 + u)G" - AG' - AB" + 2A"') 

+ T(3) [-u(2 + m)G"' - (rf - 1)(1 + u)G' + 2(rf - 1)6- + AmlB + m^G 

- {d - 1){-2{1 + u)G - AB + 2A) 

+ ^^^9^'M9^'n[2(l + m)G" + A{d + 1)6" + AmlB + 2(1 + M)m2C + 2ml{l + u){d+ l)G 

+ 2{ml + ml{d+ l))A' + 8m^(l + u)G + 8m2(l + u)B' 

+ 4m^M(2 + m)^' + 8m^5 + 2m^G + Aml{d + 1)5 

- 2(d + 2)(1 + u)(-2(l + u)G' -2G- AB' + 2A") 

- u{2 + m)(-2(1 + u)G" - AG' - AB" + 2A") 

- 2{d + 1){-2{1 + u)G -AB + 2A') 

+ g^'u'd^ud^u[-2G" -{d- 1)H" + 2mlA' + AmlB + 2ml{l + u)G 

+ 2{d-l){-2A' + 2(1 + u)G + AB) 

+ {l + u){d- 1){-2A" + 2(1 + u)G' + 2G + AB') 

+ T(^) f(l + u)G" + {d- 1)G' + 2mlB' + 2mlG 
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+ {d - 1){2{1 + u)C' + 2C + 4B' - 2 A") 

We have dropped indices from T*^*) for clarity. We define 

f = -2A' + 2{l + u)C + AB. (4.14) 

For z and w separate, we can set the scalar coefficient of each independent tensor to 0. We then 
obtain the following system of six differential equations: 

- u{2 + u)H" - 2d{l + u)H' + 2dH + AG - 2(1 + u)G' + 4(1 + u)m\A 
+ mlH + ml{d + l)H + Aml{d + 1)(1 + u)A + 2mlu{2 + u)A + SmlB 
+ 2mlG + 2mlu{2 + u)(l + u)C + 4m^u(2 + u)B 

+ 2((rf+ 1)^2 + (2rf + 2)M + c/)/ + m(2 + m)(1 + «)/' + 2/ = 0, (4.15) 

- 2G" + AmlC' + {d-l)f" = (4.16) 

- M(2 + n)G'"- (d- 1)(1 +n)G" + 2(d -!)(:; + 4m?fi + m2G' + (rf- 1)/ = 0,(4.17) 

2(1 + u)G' + 4(d + 1)^ + 4m2s + 2(1 + u)mlC + 2ml{l +u){d+ l)C 
+ 2(m2 + ml{d+ I)) A' + 8m2(l + u)C + 8m^(l + + 4m^M(2 + u)C' + Sm^S 
+ 2m^G + 4m^(rf+ 1)5 + 2(rf + 2)(l + «)/' + m(2 + «)/" + 2(rf+ 1)/ = 0, (4.18) 

- 2G" -{d- l)H" + 2m^A' + Am\B + 2m2(l + u)C + 2(rf - 1)/ 

+ (l+n)(rf-l)/' = 0, (4.19) 

(1 + u)G" + {d~ 1)G' + 2mlB' + 2m\C + {d - 1)/' = 0. (4.20) 

This is an over determined system since we have six equations for five functions which can be 
traced to the fact that Eq(|4.5D does not possess the symmetry under exchange of z and w which 
the propagator itself possesses. So we will have to check that one of the above equations is 
redundant. 

Eq( [4.16[ ) can be integrated to give 



(d - l)f = 2G' - AmlC, (4.21) 
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In this and all that follows, we will consistently drop integration constants since we want our 
solution to approach as n ^ oo. We can integrate Eq( |4.21| ) to obtain 

{d - 1)/ = 2G- AmlD, 



where 

C = D'. 

Eq( |4.22| ) can then be substituted in Eq( |4.20[ ) to obtain 

1 



B-D 



2ml 



l+u)G' + dG 



Eq( |4.17| ), can be brought into the following form using Eq( |4.22D and Eq( |4.24| ): 

u{2 + u)G"{u) + {d+l){l+ u)G'{u) - mlG{u) = 0. 



(4.22) 
(4.23) 

(4.24) 
(4.25) 



This is an uncoupled differential equation for G{u) . In fact, this is just the equation for the scalar 
propagator with = The solution is 

d 1 



G{u) 
Ca 



Ca{2u~YF{^, A-- + -;2A-d+l; -2u~'), 
r(A)r(A-f + i) 



where 



(4^)(d+i)/2r(2A-d + l) 



d 1 



A=^- + -^d^ + Aml 



(4.26) 
(4.27) 

(4.28) 



We now look at Eq(p38l) and use Eq(p3T|), Eq(p32|) and Eq(|435|) to bring it to the following 
form: 

{mj -{d- l)mfju{2 + u)D" + {m\ - (d - l)mfj {d + 5)(1 + u)D' 
+ (ml - Ami + mlml{d + 1) + 2ml{d^ + d- 2))D 



-5(d-l)G" 



m^ 



2 + '-^{d^ + d - 2] 



u)G' 



m 



2d + + d-2) + mid)G. 



We notice that for mi = {d — l)ml Eq( |4.29| ) becomes an algebraic equation^. In this caseQ , 

1 



D 



2d{d — 1 + mf )m- 



r((d - l)G" + d{d - 1)(1 + ti)G' + {d^ -d^ + mld)G). (4.29) 



*This relation between mi and m2 was discussed after Eq(|4-.5|). 

^Actually, the expression for D in Eq( 4.29 ) is a solution to Eq(p39|) for any nii and m2. It is the unique solution 



for mi — {d— l)m2. 
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From Eq( |4.23| ), we can get an expression for C{u): 
1 



C 



2d{d - 1 + mj)ml 
and from Eq( [4-.24p , we obtain 

B 



(d - 1)G"' + d{d - 1)(1 + u)G" + {(f -d + mld)G'], (4.30) 



d - l)G" - mld{l + u)G' - mld{d - 1)G 



2dml{d -l+mj 
It will be useful to obtain an expression for / from Eq( |4.22| ): 

2 



/ 



(^G" + d{l + u)G' + d{d-l)G). 



d{d - 1 + ml] 

Using the definition of / (Eq( |4.14| )) and expressions for B and D, we obtain 

1 



(4.31) 



(4.32) 



A' 



2mld{d -l+ml 
-mld{l + u)G' + m\d{d - l)G 



■[{d - 1)(1 + u)G"' +{d^ + d-2 + 2ml)G" 



(4.33) 



which can be integrated to give 



A 



1 



■[{d - 1)(1 + u)G" + {d^-l + 2ml)G' 



2mld{d -l + mj) 
+mjd{l + u)G + mld{d - 2) J G). (4.34) 

We will integrate this once more since the resulting expression for / A will be used in calculation 
ofH. 

+mld{l+u) J G + mld{d-3) J J G). (4.35) 

Eq( |4.19| ) can be brought into the form: 

{d - l)H = -2G + 2mlJ A- 2m\(\ + n) J D - 2{d - 2) J J G, (4.36) 

from which it follows that 

H = -^71 — 7 2T f(2t^' + m\d-Ad) I f G + d{l + u) [ G + {d + ml)G) . (4.37) 

d{d — 1 + mf) ^ J J J ' 

We still need to check that Eq( |4.15| ) is redundant. Using Eqs( |4.21|j4!24lJ4.37|J4.2"3| ), we can 
rewrite Eq( |4.15[ ) in terms of G{u) and D{u) and their derivatives. Then, using Eq( [4-.25D and 
Eq( |4.29| ) and integrated versions of these equations, it is tedious but straight forward to show 
that the left hand side is identically zero. 
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5 It ^ 

In this section, we will check the u limit of the propagators for the massive vector and 
massive symmetric tensor in AdSd+i- We have set the AdS scale R (the radius of curvature) to 
unity. Had not set R to unity and taken the limit i? — > oo in our propagators, we should naively 
recover the flat space results. This is almost true; since m in the AdS space is measured in units 
of to match to the flat space propagator of a non-zero mass, we also have to take m — > oo. So 
if we take the u and m — oo the propagators should approach the short distance limit of 
the corresponding propagators in flat space. 

For comparison with the flat space propagators, it is convenient to re- write the AdSd+i prop- 
agators in terms of and n^/ where 

n^{z, w) = D^n{z, w), n^>{z, w) = D^,^{z, w), 

n{z, w) is the geodesic distance between z and w and gf^'^' is the parallel transporter from z to 
w. We will also need the following dictionary 



u = cosh(yu) — 1 
rif, = 



u{u + 2) 

g^iu' = o^du'U+ , o • (5.1) 

5.1 Massive vector 

For the massive vector, the propagator we obtained in AdSd+i is (specializing the case of p-forms 
in section 3 to p = 1): 

G^^/ (z, w) = {F + L)d^d^m + L'd^ud^m. (5.2) 
In terms of and n^/, we can re- write G^^/ {z, w) as 

G^^iz,w) = {F + L)g^^, - (u{2 + u)L' ~u{F + L))n^n^,. 



Asu ^ 0, 

1 2 

Gf,^,'{z,w) = n^'g^Lf^' H :juJ^"nf,n^>. (5.3) 

where JF is just the leading term of F as m 0[[ 
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In flat space, the propagator for the massive vector is given by 

a 



ni 



where = {x — yY and 
As u — > 0, this approaches 

^flat 



(Jd+l^ ^ik.{x-y) 



-—,^'{r')9,,' + —,r'M"{r')n,n,.. 



(5.4) 



A/" is the leading term in A^(r^) as 



I . Also for small u, u 



(from Eq(|l])). 



The normalization of F{u) in Eq(P^ was chosen such that it matches with N{r'^) as m — > 0, 



I.e. 



J^{u)=U{r^)=U{2u). 



In terms of m, as m — > 0, 



1 d 



(5.5) 

which is exactly the same as the short distance limit in Eq(|5^). 

5.2 Massive symmetric tensor 

As M ^ 0, G^u-yv'{z, w) for the massive symmetric tensor should approach the short-distance 
limit of the massive symmetric tensor propagator in flat space. To check this, it is convenient 
re- write our expression for G^i^.^i^'^z, w) in terms of tensors C*'s defined in [p: 



0(1) 




0(2) 


= n^n^n^, 


0(3) 


= 9fifj.'9uu' 


0(4) 


= 9t^un^'n 


0(5) 


= 9tiiJi'nun 



(5.6) 



^N'{r^) denotes -j^N{r^) 
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We can write the tensors Tj defined earlier in terms of Oi by using Eq(|5TTl): 

yd) = 

T(2) = [n(^z + 2)]20(2), 

T^^^ = 4m^(m + 2)C^^^ — u(m + 2)C>(^) . 



G^p-^'u'{z, w) can be written in terms of O*^*); 

= (/^ + 4(1 + m)A)0« + (g + 4S)0(3) 

+ + 2)^6" + 2m2G' + 8u^B + 8u\u + 2)C + 8u\u + 2)5') C^^) 

+ (2A' + 2{1 + u)C + AB)u{2 + u)0^^^ 
- ({G + AB)u + {2C + 2B')u{2 + u))0'^^K 



We now take the u ^ and m — » oo limit: 

1 

2rfm4 



4(rf - i)g"Oi + 4{d - i)g"03 + iQ{d - iyg""02 



Here, Q is the leading term in G{u) as m — 00. 

In flat Euclidean space, the propagator for the massive symmetric tensor is calculated in the 
appendix. The short distance limit of the flat space propagator is given by the expression: 

Gi':'{^,y) = ^-^^U"0^'^ + ^^^^ ~ + ^-^^^U"0^^^ 

^ m^d m^d m^d 



+ 



m'^d m^d 
where J\f is, as before, the leading term in A^(r^). G{u) was normalized in Eq( |4.26D such that 

g{u) = Af{r') = N{2u) , 



as u 



0. Then, in terms of u, we can write Eq(|577|) as 



2dm^ 



d^ 



d^ 



4(d - 1)—Af{2u)0^'^ + 4(d - l)_Ar(2M)0(3) 
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^4 j3 

+ 16(ci - l)u^—M{2u)0^^'^ + 8(d - Ar(2M)0(^) 
- 8(rf-l)u^Ar(2?i)0(5)]. 
This exactly matches the short distance limit of the propagator in AdSd+i in Eq(p.7p. 

6 Summary of results 

We have calculated the propagators for the massive symmetric tensor and p-form fields in 
AdSd+i using the method developed in [Q. In this section, we summarize our results. 



p-forms 

We defined two independent bi-tensors: 



Then, 



Fiu) = C'A(2u-i)^F(A,A-^ + i;2A-d + l;-2M-i) 



Ca 

where 



r(A)r(A-f + i) 

(47r)(d+i)/2r(2A-rf + 1) 



A = ^ + + - Ap{d - p) , 

L{u) = -^({d - p)F{u) + (1 + u)F'{u) 
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Massive symmetric tensor 

In terms of T^*) defined in EqCpTSl), 

G,.,M^, w) = (Hiu) + 4(1 + u)Aiu))T^]).^^,,, + AC'iu)T^X'^, + + ABiu))Tj,'J.^^,,, 

+ {2A'{u) + 2(1 + u)C{u) + mn)y^,,.., + {2C{u) + 2B' {u))t'^J.^^,,, . 

This can also be written in terms of (9*^*^ (Eq(|5.6D, 

G^..yAz,w) = (i/ + 4(l + M)A)0« + (G + 45)0(3) 

+ (Au^{u + 2fC' + 2u'^G + Su^B + 8m2(m + 2)C + 8u2(u + 2)5') C^^) 
+ (2A' + 2(1 + m)C + 45)m(2 + u)C(^) 



(G + AB)u + (2C + 2S')m(2 + u))0^^'> . 



We found, 



where 



G(m) = C'a(2m"1)^F(A, a - ^ + ^; 2A - ci + 1; -2u-^) 

d 



A = - + + 4m2 

2 2 



C{u) = ^^^^_^\^2^^2 {(d - + d{d - 1)(1 + + {d'-d + mld)G') 

B{u) = ^ ^ 5^f(rf - l)G" - mldil + u)G' - m\d{d - \)G\ , 

2dm\[d — \ ^ m\)^ ' 



+m?d(l + m)G + m2rf(rf - 2) ^ G 

i7(M) = - — ^ 2T ((2^^^ ^m\d~U) I [ G + d{l + u) [ G + {d + ml)G) 

did 1 ~h ^^ij J J J 
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A Appendix 

Massive symmetric tensor propagator in 

In this section, we will calculate the graviton propagator in flat space. The equation of motion is 

- d'^d^S^, - d^d.Sf + d^.d'^S,, + d.d'^S,^ + m\S^,, + mlg^^S,'' = f^, . (A.l) 
where T^^ = T^^ — -^Qfj^yT^'' . The Green's function is defined by the equation 

S,. = I d'+'yG,,.y,ix,y)T>^''''{y). 
We will work in momentum space. Let 



iJfiu / , d+1 Sfiuyi^)^ 

[271) 2 



and 



f d'^^^ k 
T^u = / , d+i tfiu{k)e 

J (271) 2 



(27r 



Then 

In momentum space Eq( |A.l[ ) becomes: 



k G^y^^iyi + k^kyGfj -^'lyi k^k G^y^^iyi k^k Ga-^-^^'u' + Tn^k^k Ga-u;fj.'u' + '^29iJ,uGcr 

2 

= 9^J,^l'9uu' + 9u^L'9^J,u' - ^ _ ^ 9tJiv9tJL'v' ■ (A.2) 
We will use the following ansatz for Gf^^.^i^i: 

G^u;pl'u' = A{k^)g^yg^ii,> + B{k^){g^^>gi,y, + gui^ig^y') + C{k'^){g^ykf,'ky, + gf^'^'k^k^) 
+ F{k^){g^yikf,iky + 9uu'k^'kf^ + g^i_iiki,kyi + gu^'k^k^/^ -\- Gi^k ^k^k^iki,kyi . 

Using this ansatz in Eq( lA.2D , we get 

+ {k^ + m^)B{k^) {g^^, g^^, + 51^^/ 51^,,/ ) 

+ ({e + + (rf + l)m^)C(A;2) + ^mlF{k^) + m^A;2G'(A;2))(;^,A;^,A;,, 

+ {m\G{k^) + {d- l)A{e) + 2B{e))g^,A,k, 

+ (mlF{k'^) - B{k'^)'j {g^i^i k^i k^ + gyyi k^i k^ + g^,^i k^ k^i + gf;,^' k^ k^i ) 

2 

+ {m\G{k'^) + {d- l)G{P)^ki,ki,'kyky> = {g^^'g^y' + guf,'9tiu') - ^^Tyfi'/^^^fi'MV' • 
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This gives a system of linear equations for the functions A{k'^), B{k'^), C{k^), F{k'^), G{k^) 
which can be easily solved: 



di^k"^ + m?)^ k'^ + m?^ m?d{k'^ + rn?) 



m2(fc^ + m^)' m^d{k'^ + m?) 

In position space, defining = (x — — yY, 

2 2 

= (-1 + ^(Iziliv-^ + 4^ivOg(^) + ^^^^ " ^V ^iV-0(^) 

^ m^d ' ^m^d m*d ' 

^m^ mrd ' 

Here, O'^^^'s are defined in Eqs(|5.6D. In the flat space case, = '^^~f''' and n^/ = 
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